Abstract. The admissible duals of quasi-split unitary groups over nonarchimedean fields are determined. The set of irreducible unitarizable representations, and the Plancherel measure on the unitary dual, is given explicitly.
Introduction
Let U(2,1) be the quasi-split unitary group associated to a separable quadratic extension E/F of nonarchimedean local fields. In this note, we give an explicit Plancherel formula for G = U(2, 1). Moreover, the full unitary dual of G is explicitly determined.
In [8] , the nonsupercuspidal part of the unitary dual of SU(2, 1) is found, using an approach to the theory due to Harish-Chandra. The calculation of c-functions gives explicit formulas for the Plancherel factors pa. These factors give the Plancherel measure on the unitary principal series of SU (2, 1) and [7(2, 1) , and determine points of reducibility. The pa also allow one to classify all special representations (discrete series which are not supercuspidal) and all complementary series of the groups SU(2, 1) and U(2, 1). Further, the formal degrees of the special representations are found by calculating the residues at the corresponding poles of the functions pa . We note that the rank-1 group SU(2, 1) has a countably infinite number of special representations, while the rank-1 group SL(2, F) has only one special representation. Still, it is true for SU(2, 1) that only finitely many special exponents occur, which answers a question of Clozel [2, 3] , in this case. Also, the group SU(2, 1) has infinitely many unitarizable nontempered elliptic representations.
An irreducible representation of G is called supercuspidal if its matrix coefficients are compactly supported modulo the center of G. Completely different techniques are required to classify the supercuspidal part of the dual. In [14] , a method based on Hecke algebra isomorphisms developed by Howe and Moy is used to classify all discrete series of G in terms of minimal AT-types, in the case that the residual characteristic p of F is odd, and the extension E/F is unramified. Further, the isomorphisms preserve Plancherel measure, so that the formal degrees of all supercuspidal, as well as all special representations, are determined by data transferred from certain other reductive groups G'. In [7] , the supercuspidal representations of these groups are shown to be irreducibly induced from open compact subgroups, and their formal degrees are calculated.
By constructing additional Hecke algebra isomorphisms, Jabón then transfers the supercuspidal data from the G' to G to explicitly determine the formal degrees of all supercuspidal representations of U(2, 1) in this case.
In [4] Harish-Chandra proves the following Plancherel formula for reductive p-adic groups. Let S be a complete set of standard tori in G, no two of which are conjugate in G. The reader can consult [10] , for example, for a detailed introduction and discussions concerning the Plancherel formula.
Since G = U(2, 1) has rank one and is quasi-split, the only proper standard parabolic P = MN is minimal, and M is abelian. The constant c -c(G/P) equals 1. The Plancherel formula then becomes
where the sum over the discrete series of G may be split into sums over the special representations and over the supercuspidal representations of 07.
The set ë?2(M) consists of a countable number of components, each of which is a complex variety. We will fix a base point X in each component as in [18] , and write co = (X,v) for a continuous parameter v .
In this note we list all unitarizable representations of G = U(2, 1), determine the support of the Plancherel measure, and give explicit formulas for the Plancherel measure p(co) = u(X, v) and the formal degrees d(n), and for the constant y -y(G/P).
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Preliminaries on ¡7(2, 1)
Let E/F be a separable quadratic extension of nonarchimedean local fields, and let x i-> x be the Galois automorphism of E/F . Let G be the quasi-split algebraic group U(2, 1) and let G = G(F) be the group of F-rational points of G.
We may realize G as the elements of C7L(3, E) which preserve the hermitian form ((xi,x0,x-i), (yi,yo,y-i)) = xxy_x -x0J7o + -x-i5'i on E3. Thus the F-rational points of G are the fixed points in C7L(3, E) of the automorphism g i-> Jg*~xJ~x where g* = ~g' is the conjugate transpose of g and with respect to the standard basis {vi, v0,V-i} of E3.
Define the special unitary group to be SU(2, 1) = U(2, 1) n SL(3, E).
Equivalently, one could use the hermitian form ((xi,x0,x_i), (yi,y0,y_i)) = *iy_, -r-x0}7o + *-i)7i
on E3. Let A be a special torus of G and let M be the centralizer of A in G. Thus A is a split component of a parabolic subgroup of G with Levi factor Af = ZG(A). Recall the complex structure on the set W(M) of smooth irreducible representations of M. Define X(M) and X(A) to be the groups of all rational characters of M and A, respectively, which are defined over F. A maximal split torus in G= U(2, 1) or 5(7(2, 1) is isomorphic to the multiplicative group Fx . We take the standard torus A to be the image of the coroot x i-> diag(x, 1, x~x), for x in Fx . The centralizer M of A in SU(2, 1) is isomorphic to the multiplicative group Ex via x h diag(x ,x/x,x~l). The centralizer M of A in £7(2, 1) is the product of the group M and a compact group isomorphic to the group Ex of norm 1 elements in Ex , via y h-» diag(l, y, 1). Note that the Weyl element /0 0 1 w= [ 0 -1 0 \l 0 0, fixes this compact group and sends diag(x, x/x ,x~x) to diag(x~', x/x, x). Thus the Weyl element w acts trivially on characters of the compact factor Ex, and acts on characters of Ex by sending a character x >->• X(x) to the character x >-► X(x~x). Thus, if a character X of M restricts to a character X of M, then u'A = X if and only if wl = À. Write À = (a, X) with a a character of £' and X a character of Ex . The Plancherel measure on the unitary principal series of U(2, 1) is determined by that for SU(2, 1), and we write p(oe, v) = p(o, X, v) = p(X, v). It follows that conditions for reducibility of unitary principal series, and the existence of complementary series and special representations for U(2, 1), depend only on the restriction of SU (2, 1) .
Note that wX = X if and only if X(xx) = 1 for all x e Ex . Let P = MjÑ be the parabolic opposed to P = MN. Recall the definition of the constant y(G/P), e.g., in [4] or [17] . The product mapping from N x P into G is a homeomorphism onto a dense open subset of G. The measure dx on the set of representatives N for the homogeneous space G/P is given by y-xôp(n)~x dû, where ôp is the modulus function of P defined by the formula drx = Sp(x)d¡x relating left and right Haar measures on P. The value of y(G/P) is given by the integral
where op is extended to G = KP by ôp(kp) -ôp(p).
Let qp -q be the order of the residue field of F , and let qF be the order of the residue field of E. Define ord£(x) by \x\e = qT-ord£(x).
For G associated to an unramified extension E/F, y = 1 + q~3 if ordf (2) is even, and y -1 + q~x if ord^ (2) is odd.
For G associated to a ramified extension E/F, y = I +q~x. Haar measures are normalized so that JK dk = 1, J-^nK dñ = 1, and JKnp d¡p = 1. Realize N as N = < \ x 1 0\\x,yeE,xx = y + y
Let dßX and dpz be Haar measures on E and F normalized so that the rings of integers (?e and <fp have volume equal to 1, and let {1, t} be an rfF -basis for rf£. Write the entry y in TV satisfying y+y = xx as y = xx/2+zz, with x £ E, z £ F , assuming char(F) not equal to 2. Then normalized Haar measure on N is given by \2\}x dsxdpz if ord£2 is even, and by qxJ \2\JX dgxdpz if ordf 2 is odd (which can happen only if E/F is unramified).
If char(F) equals 2, write y = z + xxt(x + x)~x with x in E and z in F . Then normalized Haar measure on N is given by |t(t + t)_1 \lJ2 dEx dFz if ord£-T(T + T)_1 is even, and by qxJ2\r(r+l)~l\xJ2dExdFz
if ord£-T(T-l-T)_1 is odd.
Unitary principal series
Let P = MN be a minimal parabolic subgroup of G. Recall the complex structure on the set f 2(M) ; v £ a£ defines a quasicharacter #" of M by *"(m) = q^^W).
For A in f 2(M), set A"(/w) = X(m)xA™) ■
In our case, A is one-dimensional and A is a character of M = Ex . If we choose the complex coordinate 5 of a£ by setting Xs(x) -X(x)\x\sE, for x £ Ex and seC, then q^s -qj" . We set z -qj" , so that \x\sE -zn for the integer n = ord£(x).
Define the (smooth) principal series representation Ind(P, G; Xv) to be left translation in the space of locally constant functions on G which transform on the right by
for all g in G, m in M, and n in N.
Let K be the standard maximal compact subgroup of G, so that G = KP = KMN. One could also define the representation of G on the Hubert space of functions transforming by the above rule, whose restrictions to K are in L2(K).
An analysis of the standard intertwining operator on certain K-types [8] allows the computation of Harish-Chandra's c -functions, and hence the Plancherel factors pa. Note that such analysis [9] then allows one to verify a conjecture of Langlands [11] that a certain product of root numbers and quotients of Artin L-functions provides a valid normalization of the intertwining operators in the case of the minimal principal series representations of quasisplit reductive groups. The Plancherel factors may thus be given by a uniform expression [9] . Cancellation of zeros and poles may occur in this expression. Since we need the location of the zeros and poles, and the residues at the poles, we give the explicit formulas below for the Plancherel factors p(co) = p(a ,X,v) from the calculation of the c-functions in [8] . Shahidi [16] proves the conjecture of Langlands on normalization of intertwining operators, assuming the inducing representation is generic, for series of representations induced from arbitrary parabolics of quasi-split groups. Assuming two natural conjectures in harmonic analysis of p-adic groups, he then proves the conjecture in general.
Note that work of Macdonald [12] decomposes L2(G/ /K), and one may compare the Plancherel formula for K-bi-invariant functions with our formulas to check the constants associated to choice of Haar measure on G.
One should also note that the /¿-functions are products of Euler factors, as shown in general in [18] , and that Silberger's result does in fact agree with our calculation of c-functions and Plancherel measure for ¡7 (2, 1) .
A unitary principal series representation Ind(P, G; a, Xv) of ¡7(2, 1) is reducible if and only if the character Xv of Ex is nontrivial, but has trivial restriction to Fx , by the theorem in §7 of [8] .
Plancherel measure p(o, X, u) = p(X, v) on the unitary principal series representations of ¡7(2, 1) is given by the following formulas. Set z -qEs = q~v , with v purely imaginary.
I. Suppose that the extension E/F is unramified. a. Let Xo = 1, so Xv is the orbit of unramified characters. The Plancherel factor is then given by
and the corresponding unitary principal series are all irreducible. b. Suppose Xo = X is ramified of degree h > 1 and has trivial restriction to Fx . Then
The reducible unitary principal series in these cases correspond to the value z = 1, i.e., to v = 0. c. Otherwise, suppose X is ramified of degree h > 1 and the character of Ex given by x .-► X(xx) is ramified of degree h! > 1. The restriction of X to Fx is then also ramified of degree h! > 1. Then w fixes no character in the corresponding orbit and the Plancherel factor is constant, given by
The corresponding unitary principal series for these orbits are all irreducible.
II. Suppose that E/F is a ramified extension.
d. Let Xv be the orbit of unramified characters. Then
The reducible unitary principal series in this case corresponds to the value z = -1, i.e., to v = 7ii/ln(q).
e. Let Xo be ramified of degree h > 1 with trivial restriction to Fx. The Plancherel measure is constant on these series, given by p(X,v) = y2qh.
Reducible unitary principal series occur for the two values z = 1 and z = -1.
f. Let Xo be ramified of degree h > 1 with restriction to Fx equal the character of order 2 associated to the extension E/F by class field theory.
The corresponding unitary principal series are all irreducible for these orbits. g. Otherwise, w fixes no character in the orbit of X. Then X must be a ramified character of degree h > 1 such that x i-> X(xx) is ramified on Ex of degree h! > 1, and the restriction of X to Fx is ramified of degree h" > 1. Then the unitary principal series representations for such orbits are all irreducible, and the Plancherel factor is constant
We note that if d is the differential exponent of the extension E/F and e = 2 is the degree of ramification, then eh" -e < h'+d < eh" , at least if h" -1 > 2d .
If, in case I, ord¿ (2) is odd, the formulas should be divided by the constant qE = q2 , which comes from the normalization of Haar measure on N.
Special representations
Special representations are discrete series representations which are not supercuspidal, hence are contained in a representation induced from a proper parabolic. Since our G have rank one, any special must be contained in an Ind(P, G; Xv). Replacing Xv by wXv if necessary, we may assume that v lies in the right half-plane Re v > 0. Recall that X is unitary.
By criteria of Casselman, since dim(^4/Z) = 1, representation Ind(P, G; Xv) contains a special representation as a composition factor iff Ind(P, G\ Xv) is reducible and v ¿ 0. See 5.4.5.2 and 5.4.5.3 of [17] . Further, by 5.4.2.4 of [17] , if vo # 0, then Ind(P, G;XV<S) is reducible if, and only if, p(X, v) has a pole at v -vo ■ This occurs if, and only if, the intertwining operator A(w , XUo) has a nontrivial kernel. In this case, the composition series of Ind(P, G; X"0) has length 2. Such points of reducibility XVo will be called special points.
Since dim(^4/Z) = 1, the formal degree of the discrete series component 7i¿iVo of an induced representation Ind(P, G; XVo) corresponding to a special point is given as follows by Theorem 5.5.4.3 of [17] . The formal degree of a special representation is expressed in terms of the residue at the corresponding pole of Harish-Chandra's //-function by the formula We illustrate the calculation of the formal degree in the case E/F is unramified and X is ramified of degree h > 1, with trivial restriction to Fx . Set z = q7-s = q~2s -q~v . Then from (lb) above,
We may assume that Reí/ > 0. Then a pole occurs for vo = 1 + ni/(logq), so that a special point occurs if and only if z = z(u0) = -q~x. Then For the parabolic rank 1 case, special points in an orbit Ind(.P, G; ojv) are associated to those unitary representations oe fixed by the nontrivial Weyl group element for which the associated unitary representation Ind(P, G ; w) is irreducible. This correspondence is one-to-one [18] . In each connected component of %2(M) for which such w exist, we always choose such an w as base point.
For ¡7(2, 1 ), special points (a, X, v) are associated in [8] to those characters X of Ex whose restriction to A = Fx is the character of order 2 of Fx associated to the extension E/F by class field theory, and to the trivial character of Ex . Only two special exponents occur. Thus the conjecture of Clozel [2] on the finiteness of the number of special exponents is true in this case. See also the Introduction to [3] . Note that the formal degrees are all integers if Haar measure on G is normalized so that the volume of AT is 1. However, in the case that E/F is unramified and ordf (2) is odd, the expressions above for the formal degrees should be divided by q2 .
Complementary series and nontempered Langlands quotients
In this section we give the unitarizable representations of 7(2, 1) which do not support Plancherel measure. These are included so that we list the full unitary dual of G.
We may assume that the parameter v is in the right half-plane.
Recall that the Weyl element w satisfies w2 = 1. Suppose that A is a unitary character of Ex for which p(X, 0) -0, i.e., for which Wx = W^ in the theory of Ä-groups, i.e., such that the normalized operator sf(w,X,Q) is scalar. Then wX = X, and these are exactly the characters whose orbits contain a special point. These are also exactly the characters fixed by w for which Ind(P, G ; X) is irreducible.
The adjoint of the normalized intertwining operator sé(w,X,v) is sf(w, X, -wv). Suppose next that wv = -v, i.e., that v is real, after perhaps replacing X by the product of X and the unramified character of Ex of order 2.
Then s/(w, X, v) is selfadjoint. One defines an invariant hermitian form for the representation Ind(P, G;XV) by (f,g) = (f,J*g), where ( , ) is the pairing between lnd(P,G;Xu) and its contragredient given by integration over K.
Then one gets the Stein complementary series as usual, letting v range from 0 out to the first point of reducibility, i.e., out to the special point corresponding to such a X. One uses the fact that Ind(P, G ; Xo) is irreducible and a continuity argument to show that the form is definite. See the discussion in Chapter XVI of the book [10] by Knapp, and also Silberger's results for p-adic groups in [18] and [19] .
There are also unitarizable, nontempered elliptic representations which occur as Langlands quotients (see, e.g., Chapter XI of [1] ) at the points of reducibility at the ends of the complementary series. The composition series at a point of reducibility (i.e., at a special point) has length 2, and these representations are the quotients of Ind(P, G;XV) by the associated special representations. Using the fact that the special representation is exactly the kernel of the intertwining operator A(w, Xv), one then easily checks that the pairing </i » /2> = (/i » A(w, Xv)f2) induces a unitary inner product on the quotients at the ends of complementary series.
Note that these quotients are usually infinite-dimensional.
Consider, for example, the restrictions to SU(2, 1). Recall first that for p-adic groups, the composition series of Ind(Ai) and Ind(Â2) are disjoint unless Xx = wX2 for some element of the Weyl group. See, e.g., 5.4.4.1 of [17] . One obtains a countably infinite number of quotients which are pairwise inequivalent. The kernel of a finite-dimensional representation of a p-adic group must be an open normal subgroup. Thus the trivial representation is the only irreducible finite-dimensional representation of the group S7(2, 1). The trivial representation occurs in the representation lnd(o¡/2) of S¡7(2, 1). Hence all other Langlands quotients are infinite-dimensional. Finally, note that the only finitedimensional representations of 7(2, 1 ) which occur are the one-dimensional characters which factor through the determinant, i.e., the representations which restrict to the trivial representation of 57(2, 1).
Supercuspidal representations
For this section only, we assume that the residual characteristic p is not equal to 2. Then Howe-Moy theory will apply to the groups 7(2, 1) associated to any separable quadratic extension E/F . We also take the extension E/F to be unramified in this section. Thus E = F(y/i) where e is a nonsquare unit.
The irreducible representations of G = (2, 1) are classified in this case in [14] in terms of Hecke algebra isomorphisms and nondegenerate representations. In particular, all supercuspidal representations are classified by this method, and in [7] their formal degrees are calculated.
Each square-integrable representation occurs discretely in the unitary dual, and the Plancherel measure is the formal degree. -«/ ,j w. i any integer and j £ {0, 1,2,3}. The nonstandard filtration of / is then /¿ = /, l\ = {x £ I\x £ 1 + i)} . Morris has only recently put this unusual filtration into a general context [13] . If Q represents one of the above parahoric subgroups and {ô;}/So represents one of the above nitrations of Q, then Qi/Q, is an abelian group for 1 < •< j < 2/ ; we must explicitly describe these abelian filtration quotients. To accomplish this, we introduce a bilinear form on g, the Lie algebra of G, by (x,y) = trE,F(tr(xy)).
It is nondegenerate. If h is a subalgebra of g, let h1 be the orthogonal complement of h in g. Express Q¡ as {x £ Q\x £ 1 + q¡} where q¡ is some lattice in GL^(E), and set q¡ = q,^ n g for /' > 1. Then the Cayley transform c(x) = (1 -x)(l + x)~x maps p¡ bijectively onto F, and induces a group isomorphism Qi/Qj = q¡/qj in the range 1 < i < j < 2/. We obtain the characters of Qi/Qj as follows. Direct calculation reveals that q¡-= 4_,_¿+i where d is the "period" of the filtration {Q¡}. Thus d = 1 for K, d = 2 for L, and d = 3 or 4 for / depending upon which filtration one is using. Then by duality, (Qi/Qjr^q-j-d+i/q-i-d+i for I < i < j < 2i. To make this more explicit, let y/ be a character of the additive group of F with conductor cfF. Then we send the coset a of a £ q-j-d+i to the character Qa where
An important special case is when Q = K and 7 = 1 + 1. Then q¿ = zu'g(cfF) where g((fF) = gCi Mi(rfF) and 4_,_i/4_, is naturally isomorphic with g(F) (where F denotes the residue field of F) via multiplication by zu'+x. In short, the characters of K¡/Ki+i are in one-to-one correspondence with the F-points of the Lie algebra g ; we will make use of this identification below.
We now define nondegenerate representations for G. To define nondegenerate representations of level 1, observe that a parahoric modulo its first standard filtration subgroup is isomorphic to the rational points of a reductive group defined over F . in fact,
A nondegenerate representation of level 1 is a pair (Q, Q) where Q is a standard parahoric (K, L, or /) and Í2 is a representation of Q obtained by composing an irreducible cuspidal representation of Q/Qi with the natural map Q -Q/Qi.
A nondegenerate representation ofunramified type is a pair (A^,, Í2a) with /' > 1 and Qa e (Ki/Ki+i)~, where zu'+xa is represented by a nonscalar semisimple element of g(F).
Finally we define nondegenerate representations of ramified type. Consider the following sets ä. In (5.2a, b, c, d ) a is in cfE , in (5.2e) a and c are in <fF and b is in (cfF)2. Let a denote à n g. Each set a defines a character Í2a on a certain standard or nonstandard parahoric filtration subgroup Q as indicated in Table 1 . Define two nondegenerate representations (Q, Q) and (Q', Q') to be associate if either (1) Q and Q' are parahoric subgroups, Q/Qi = Q'/Q\ and Í2 = Q', or (2) Q = Í2a, Q' = Í2a/ with some element of a conjugate to some element of a!.
Moy [14] showed that for every irreducible admissible representation 7r of G, there exists a one-dimensional character x such that 7r <g> x contains a nondegenerate representation (unique up to associates). Furthermore he classified the irreducible representations which contain each nondegenerate representation (Q, P) by classifying the representations of the Hecke algebra H(G//Q, p). He accomplished the latter by constructing a Plancherel measure preserving isomorphism of H(G//Q, p) with H(G'//Q', p') where G' is a different reductive group defined over F. Jabón [7] expressed each of the supercuspidal representations of the various G' 's as induced representations from open compact subgroups, calculated their formal degrees, and then transferred the supercuspidal data over to G. This required constructing additional Hecke algebra isomorphisms for the different kinds of supercuspidal representations of the G' 's. We refer the reader to [7] for more details. Tables 2 and 3 list the transferring groups as well as the formal degrees of the supercuspidals.
